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The present study focusses on the developments of analytical solutions
for vehicle dynamic behaviour under the influence of
magnetorheological fluid damper. Dynamic models of a quarter vehicle
are considered. Also, the damping force of the magnetorheological fluid
damper are modelled using Bouc-Wen and modified Bouc-Wen models.
The developed vibration models for the study of the dynamic behaviour
of the vehicle are solved using Laplace transform method. The
parametric studies reveal that the oscillation of the displacement of the
axle is more fluctuating compared to the displacement of the body due
to the installation of the damper between the body and the axle in which
the damper acts as a shock-absorber. Moreover, the variation between
the two models of Bouc-Wen and modified Bouc-Wen models are
established. It is analytically validated that the Bouc-Wen model cannot
produce the experimentally observed roll-off in the yield region for
velocities with a small absolute value and operational sign opposite to
the sign of the acceleration. Therefore, the use of modified Bouc-Wen
model is recommended. It is hoped that the developed exact analytical
models will serve as basis for comparisons of any other method of
analysis of the problem.
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1. Introduction
The stability, comfortable capability and safety of a vehicle are directly related to the suspension
system [1]. Typically, the suspension system of a vehicle is made up of springs and shock absorbers
which help to isolate the vehicle chassis and occupants from sudden vertical displacements of the
wheel assemblies during driving. A well-tuned suspension system is important for the comfort and
safety of the vehicle occupants as well as the long-term durability of the vehicle's electronic and
⁎

Corresponding author.
E-mail address: mikegbeminiyiprof@yahoo.com (M.G. Sobamowo)

http://dx.doi.org/10.22124/cse.2022.21991.1029
© 2022 Published by University of Guilan

82

A. I. Adeleke et al. / Computational Sciences and Engineering 2(1) (2022) 81-95

82

mechanical components. The suspension system of a vehicle can be (i) ppassive ssuspension
ssystem (ii) semi-active ssuspension system (iii) active ssuspension system. The different types are
shown in Figure 1.
The passive suspension system shown in Figure 1a does not have capability of controlling
suspension stiffness and damping coefficient according to the road roughness or the disturbance
amplitude. Also, in passive suspension system, the characteristics of the spring and the damper
(which are determined according to the performance goals and its intended applications) are fixed
[3]. Figure 1b depicts semi-active suspension system which has advantages over the passive
suspension in terms of spring stiffness and damping coefficient control according to road roughness
and disturbances experienced by the unsprung mass of the vehicle. Since such system does not
possess the separate dynamic control component for the operation of suspension against the road
disturbances, it processes the road roughness/disturbances based on the suspension travel sensor
feedback. In such system, the state of the particular suspension is baselined on the signals received
from the road disturbances. Semi-active suspension system has a controllable damper that facilitates
the improved handling of the vehicle, better comfort to driver and passenger as compared to the
passive suspension system [3]. The recent derivation of the suspension technology is made of active
suspension system which has a dedicated dynamic control component for operation of suspension
against the road roughness/ disturbance. Such system requires constant power source, transmission
mechanism for the generated force by power source, and sensory network and microcontroller for
the control mode selection. The suspension system possesses the capability to vary damping force
required for the ride comfort against the road disturbances experienced by the vehicle. Multiple
control mode operation to compensate for the variety of the road roughness facilitates improved
vehicle handling performance, and thus achieves the better stability of the vehicle compared to
passive and semi-active suspension systems. Also, cornering abilities are enhanced due to the
reactive inertia applied against the spring deformation while turning. The typical configuration of
the suspension is shown in Figure 1c [3].

Figure 1. (a) Typical schematics of passive suspension (b) Typical schematic of semi-active suspension schematics
(c)Typical schematic of active suspension schematics [2]
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Magnetorheological fluid damper includes magnetorheological fluid, a pair of wires, a housing, a
piston, a magnetic coil, and an accumulator as shown in Figure 2.
Magnetorheological (MR) fluids are fluids that consist of small particles of iron (in the order of µm)
magnetizable, suspended in oil, generally hydrocarbon. Also, some additives are added to the fluid
with objective to inhibit the deposit of iron particles, to promote its suspension, to modify viscosity
and to diminish the consuming. One excellent characteristics of magnetorheological fluid is that its
rheological characteristics changes when magnetic field is applied. The intensity of applied
magnetic field is used to control the viscosity of the fluid. The special behavior of
magnetorheological fluid has resulted in its vast of applications such as dampers, shock absorbers,
rotary brakes, prosthetic devices, clutches, polishing and grinding devices, etc. Among these
applications, magnetorheological fluid dampers, which utilize the advantages of
magnetorheological fluids, are semi-active control devices that are widely used in the modern
industry nowadays.
In magnetorheological fluid damper, the MR fluid is housed within the cylinder and flows through
a small orifice. The magnetic coil is built in the piston or on the housing. When a current is supplied
to the coil, the particles are aligned and the fluid changes from the liquid state to the semi-solid state
within milliseconds. Consequently, a controllable damping force is produced.

Figure 2. General configuration of a MR fluid damper [4]
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Parametrically, Wereley et al. [5] opined that magnetohydrodynamic dampers can be classified as
Bingham-based dynamic models, the Bi-viscous models, the Viscoelastic-Plastic models, the
Stiffness-Viscosity-Elasto-Slide models. Ikhouane and Dyke [6] modelled the shear mode of
magnetorheological damper using the Bouc-wen dynamic models. Jimnez and Alvarez [7], Sakai et
al. [8] and Terasawa et al. [9] adopted LuGre hysteresis operator-based models to analyze the
dynamic behaviours of magnetorheological dampers for vibration control. Kwok et al. [10] utilized
hyperbolic tangent function-based models while Wang et al. [11] and Ma et al. [12] applied Sigmoid
function-based models for hysteretic behaviour of a magnetorheological fluid damper. Oh [13]
experimented the hysteretic characteristics of a magnetorheological fluid damper using the
equivalent models. Wang and Kamath [14] modelled the hysteretic characteristics of a
magnetorheological fluid damper using Phase Transition models. Spencer et al. [15] presented the
phenomenological models for dynamic behaviours of magnetorheological dampers while Yang et
al. [16] modelled and analyzed dynamic performance of large-scale magnetorheological fluid
dampers. Wereley et al. [17] modelled the vibration of electrorheological and magnetorheological
fluid dampers while Pang et al. [18] studied a linear stroke magnetorheological fluid damper. Snyder
et al. [19] explored the magnetorheological fluid damper behaviour under the influence of sinusoidal
loading. Other studies on the vibrational behaviour od structures under the influences of
magnetorheological fluid damper are given in [20-29].
The dynamic models of the above reviewed studies have been analyzed using numerical methods.
However, the classical way of finding analytical solutions to linear and nonlinear models are
obviously still very important. This is because such symbolic solutions serve as accurate
benchmarks for numerical solutions. Exact analytical solutions are essential for the developments
of efficient tools of applied numerical simulations. Inevitably, analytical expressions show the direct
relationship between the models’ parameters. They provide good insights into the importance of
various parameters of the system that affect the phenomena. It enhances reduction in the
computation and simulation costs of real-life problems. Therefore, in this work, exact analytical
solutions are developed for the vehicle dynamic behaviour under the influence of
magnetorheological damper. Dynamic models for a quarter vehicle are considered and the damping
force of the MR damper are modelled using Bouc-Wen and modified Bouc-Wen models. The
developed vibration models for the study of the dynamic behaviour of the vehicle are solved using
Laplace transform method. Comparison of the results of the two models are analyzed and discussed.

2. Model Development: A Quarter Car Model of vehicle suspension system
Consider a quarter car model as a two degree-of-freedom suspension system as shown in Figure 3.
In the figure, the vehicle mass with passenger is represented by a sprung mass m1 and the mass of
wheels and associated components are represented by an unsprung mass m2. The vertical motion of
the system can be described by the displacement x1 and x2. The excitation due to road disturbance
is xb. The suspension spring constant is ks1 and the tire spring constant is ks2. Moreover, the damping
force for the MR damper and damping coefficient of the tire are fd and dr2, respectively.
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Figure 3. Mechanical model of a quarter car model vehicle suspension system [31]

m1

d 2 x1
+ ks1 ( x1 − x2 ) + f d = 0
dt 2

(1)

d 2 x2
 dx dx 
m2 2 − dr2  b − 2  − ks1 ( x1 − x2 ) − ks2 ( xb − x2 ) − f d = 0
dt
dt 
 dt

(2)

The initial conditions are

x1 = x1,0 , x2 = x2,0 ,

dx1
dx2
= 0,
= 0, when t = 0
dt
dt

(3)

where m1 and m2 are the masses of the vehicle body and suspension, respectively, ks1 is the total
stiffness coefficient of the suspension, including the effective stiffness of the MR damper, dr1 is the
damping coefficient of the suspension, ks2 is the vertical stiffness of the tyre, dr2 is the damping
coefficient of the tyre and x1 , x2 and xb are the vertical displacements of sprung mass (the vehicle
body), unsprung mass (the tyre) and road excitation, respectively and fd is the damping force [31].
2.1 Modeling Road Profile for the Wheel Vertical Dynamics Behaviour
The road is not a smooth terrain, and the profile has to be considered in the dynamic model [30].
The simplest form of the road profile is sinusoidal shape as shown in Figure 4.

Figure 4. Sinusoidal profile of road irregularities

The model for the profile is given as
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(4)

Where the angular frequency (rad/)s is given by
ω=

2πv
L

(5)

ε is the phase offset
L is road irregularity length
Many times, the road profile is not perfect sinusoidal shape. A periodic signal as a sum of several
harmonics can be used to develop a more realistic road profile as shown in Figure 5. The
mathematical model is given as Fourier series which is a sum of sine functions with different
frequencies and amplitudes
N

xb = h0 +  hn sin(nωt + εn )

(6)

n =1

Figure 5. Periodical profile of road irregularities

Furthermore, in realities, most road profiles cannot be expressed as periodic functions. The height
of the road in time is random (stochastic). Figure 6 presents such road profile.

Figure 6 Stochastic profile of road irregularities

2.2 Modeling the Damping Force for the Magnetorheological fluid damper
The behaviour of the magnetorheological fluid damper can be modelled using the Bouc-Wen model.
The Bouc-Wen model is given as in Figure 7.
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Figure 7. Bouc-Wen Model [15, 20]

The mathematical description of the system with the magnetorheological fluid damper is given as
f d = c0 x + k0 ( x − x0 ) + αz

(7)

where the hysteresis component z satisfies the
z = −γ x z

n −1

z − βx z + δx
n

(8)

However, the classical Bouc-Wen model cannot produce the experimentally observed roll-off in the
yield region for velocities with a small absolute value and operational sign opposite to the sign of
the acceleration [29,34]. Therefore, in this work, the behaviour of the magnetorheological fluid
damper can be characterized using the modified Bouc-Wen model shown in Figure 8.

Figure 8. Modified Bouc-Wen Model [15, 20]

The model for the magnetorheological damping force is given as
f d = αz + c0 ( x − y) + k0 ( x − y) + k1 ( x − x0 )

(9)

where

y=

and

1
αz + k0 ( x − y) + c0 x 
(c0 + c1 )

(10)
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n −1

z − β ( x − y) z + δ ( x − y)
n
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(11)

It can be found from Eq. (10) that
c1 y = αz + c0 ( x − y) + k0 ( x − y)

(12)

Therefore, Eq. (9) can be written as
f d = c1 y + k1 ( x − x0 )

(13)

where
c1 = c1a + c1bu

(14)

and
u = −η ( u − V )

(16)

3. Analytical Solutions to the Developed Dynamic Equations
Analytical solutions can be developed for Equs. (1) and (2) using Laplace transform method. The
application of the Laplace transform to the equations are shown as follows:
m1 ( s 2 x1 − sx1,0 ) + ks1 ( x1 − x2 ) + f d = 0

(

(17)

)

m2 ( s 2 x2 − sx0 ) − dr2 ( sxb − xb,0 ) − ( sx2 − x2,0 ) − ks1 ( x1 − x2 ) − ks2 ( xb − x2 ) − f d = 0

(18)

where
x 

f d = c1s ( y − y0 ) + k1  x − 0 
s 


(19)

Then we have

(m s
1

2

+ ks1 ) x1 − ks1 x2 = m1sx1,0 − f d

(20)
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−ks1 x1 + ( m2 s 2 − dr2 s + ks1 + ks2 ) x2 = f d + m2 sx0 − dr2 x2,0 − dr2 xb,0 + ( dr2 s + ks2 ) xb
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(21)

Which can be written in Matrix form as

( m1s 2 + ks1 )

 −ks1


x  

m1sx1,0 − f d
 1 = 

( m2 s 2 − dr2 s + ks1 + ks2 )  x2   fd + m2 sx0 − dr2 x2,0 − dr2 xb,0 + ( dr2 s + ks2 ) xb 
−ks1

(22)
On solving the above equations using Crammer’s rule, we have

x1

(m s
=

2

2

− dr2 s + ks1 + ks2 ) ( m1sx1,0 − f d ) + ( f d + m2 sx0 − dr2 x2,0 − dr2 xb,0 + ( dr2 s + ks2 ) xb ) ( ks1 )

(m s

2

2

− dr2 s + ks1 + ks2 )( m1s 2 + ks1 ) − ( ks1 )

2

(23)

x2

(m s
=
1

2

+ ks1 ) ( f d + m2 sx0 − dr2 x2,0 − dr2 xb,0 + ( dr2 s + ks2 ) xb ) + ( m1sx1,0 − f d ) ( ks1 )

(m s
2

2

− dr2 s + ks1 + ks2 )( m1s 2 + ks1 ) − ( ks1 )

2

(24)
Due to the complexity in finding the inverse Laplace transforms of Eqs. (23) and (24), a numerical
evaluation of the inverse Laplace transform is carried out using Simon’s approach [32] given as

x1 ( t ) =

e

N
1
 
n
 x1 ( a p ) +  Re  x1  a p + i

t 2
ap
n =1
 


a pt

x2 ( t ) =

e



n
  ( −1) 

 

N
1
 
n
 x2 ( a p ) +  Re  x2  a p + i
t 2
ap
n =1
 


a pt

(25)



n
  ( −1) 

 

(26)

where
x1 (a p ) =

(m a
2

2
p

(m a
2

x2 (a p ) =

(m a

1 p

(

)

− dr2 a p + ks1 + ks2 ) ( m1 x1,0 a p − f d ) + f d + m2 x0 a p − dr2 x2,0 − dr2 xb,0 + ( dr2 a p + ks2 ) xb ( ks1 )

2

(

2
p

− dr2 a p + ks1 + ks2 )( m1a p 2 + ks1 ) − ( ks1 )

)

2

+ ks1 ) f d + m2 x0 a p − dr2 x2,0 − dr2 xb,0 + ( dr2 a p + ks2 ) xb + ( m1 x1,0 a p − f d ) ( ks1 )

(m a
2

2
p

− dr2 a p + ks1 + ks2 )( m1a p + ks1 ) − ( ks1 )
2

2
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nπ
 m2  a p + i  − dr2  a p + i nπ  + ks1 + ks2   m1 x1,0  a p + i nπ  − f d 




 

a p 
a p 
a p 
 






 








 +  f + m x  a + i nπ  − dr x − dr x +  dr  a + i nπ  + ks  x  ( ks ) 
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2 2,0
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 d
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x1  a p + i  =
2
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nπ 

f
+
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dr
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2
0
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2
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 −dr x +  dr  a + i  + ks  x
2 b,0
2
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a p 
 
 






nπ 
 

+  m1 x1,0  a p + i  − f d  ( ks1 )






ap 
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x2  a p + i  =
2
2
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 m2  a p + i nπ  − dr2  a p + i nπ  + ks1 + ks2  m1  a p + i nπ  + ks1  − ( ks1 )2

a p 
a p 
a p 
 
 






It was suggested by Lee et al. [33] that the values of a p t in Eqs. (25) and (26)range between 4 and
5. Because of absence of oscillating cosine and sine functions, Eqs. (25) and (26) converges more
quickly because. The optimally value of a p t is 4.7 [33].

4. Results and Discussion
The results of the simulations using MATLAB are presented in this section. Figure 9 presents the
time history of the vertical displacement of the vehicle body using Bouc-Wen model. The figure
shows that the highest displacement occurs at t=0.4. The figure depicts that within 0-4 sec, there is
a rapid increase from 0 to 0.14 m in the displacement of the vehicle body. Then it significantly
decreases and follow by an increase before it reaches the stability at the initial displacement 0.1 m
after t=3.
Figure 10 depicts the time history of the vertical displacement of the vehicle axle based on BoucWen model. The axle attains it vertical displacement of the first oscillation at 0.17 m and its
oscillation begins to damp out as time evolves until it reaches its stability from t=2.5 onwards.
Based on the modified Bouc-Wen model, Figure 11 illustrates the time history of the vertical
displacement of the vehicle body. The body first attains its highest displacement and after their
oscillations begins to damp out as time evolves until steady states and stability are reach.
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It should be pointed that the results in Figures 9 and 10 show that the oscillation of the displacement
of the axle is more fluctuating compared to the displacement of the body. This is due to the
installation of the damper between the body and the axle in which the damper acts as shockabsorber.
0.14
0.12

Displacement (m)

0.1
0.08
0.06
0.04
0.02
0
-0.02

0

1

2

3
Time (sec)

4

5

6

Figure 9. Time history of the Vertical Displacement of the Vehicle Body using Bouc-Wen Model
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Figure 10. Time history of the Vertical Displacement of the Vehicle Axle using Bouc-Wen Model

0.2
0.18
0.16

Displacement (m)

0.14
0.12
0.1
0.08
0.06
0.04
0.02
0

1

2

3

4

5
6
Time (sec)

7

8

9

10

Figure 11. Time history of the Vertical Displacement of the Vehicle Body using Modified Bouc-Wen Model
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Figure 12. Time history of the Vertical Velocity of the Vehicle Axle using Bouc-Wen Model

5
4
3

Velocity (m/s)

2
1
0
-1
-2
-3
-4

0

1

2

3

4

5
6
Time (sec)

7

8

9

10

Figure 13. Time history of the Vertical Velocity of the Vehicle Axle using Modified Bouc-Wen Model
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Figure 14. Comparison of Bouc-Wen Model and Modified Bouc-Wen Model for the Time history of the vertical
displacement of the body
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Figure 15. Comparison of Bouc-Wen Model and Modified Bouc-Wen Model for the Time history of the Vertical
velocities of the axle

Figures 12 and 13 present the time histories of the vertical velocity of the vehicle body based on the
Bouc-Wen and modified Bouc-Wen models, respective while Figures 14 and Figure 15 compare
the time histories of Bouc-Wen Model and modified Bouc-Wen Model for the Time history of the
vertical displacement and velocityof the axle. The figures show the variation between the two
models. However, it was previously stated that the Bouc-Wen model cannot produce the
experimentally observed roll-off in the yield region for velocities with a small absolute value and
operational sign opposite to the sign of the acceleration. The results of the present study agree with
the results of the numerical study of Viswanathan et al. [34].

5. Conclusion
The analytical solutions for the vehicle dynamic behaviour under the influence of
magnetorheological fluid damper have been developed in this study. The models of a quarter vehicle
were considered, and the damping force of the magnetorheological fluid damper were modelled
using Bouc-Wen and modified Bouc-Wen models. Laplace transform method was used to develop
analytical solutions for the dynamic equations. It was revealed that the presence of
magnetorheological damper ( which acts as a shock-absorber) between the body and the axle
produced more fluctuating oscillation of the displacement of the axle compared to the displacement
of the body. Moreover, the variation between the two models of Bouc-Wen and modified BoucWen models is established. It is stated that the Bouc-Wen model cannot produce the experimentally
observed roll-off in the yield region for velocities with a small absolute value and operational sign
opposite to the sign of the acceleration. Therefore, the use of modified Bouc-Wen model is
recommended. Also, the developed analytical solutions will serve as basis for comparison of any
other method of analysis of the problem.
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