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The purpose of this paper is to present a wavelet method for
numerical solutions Fokker-Planck-Kolmogorov time-fractional
differential equations with initial and boundary conditions. The
authors was employed the Bernoulli wavelets for the solution of
Fokker-Planck-Kolmogorov time-fractional differential equation. We
calculated the Bernoulli wavelet fractional integral operation matrix
of the fractional order and the upper error boundary for the Riemann-
Liouville fractional integral operation matrix and the Bernoulli
wavelet fractional integral operation matrix. The Fokker-Planck-
Kolmogorov time-fractional differential equation is converted to the
linear equation using the Bernoulli wavelet operation matrix in this
technique. This method has the advantage of being simple to solve.
The simulation was carried out using MATLAB software. Finally,
the proposed strategy was used to solve certain problems. the
Bernoulli wavelet and Bernoulli fraction of the fractional order, the
Bernoulli polynomial, and the Bernoulli fractional functions were
introduced. Explaining how functions are approximated by fractional-
order Bernoulli wavelets as well as fractional-order Bernoulli
functions. The Bernoulli wavelet fractional integral operational
matrix was used to solve the Fokker-Planck-Kolmogorov fractional
differential equations. The results for some numerical examples are
documented in table and graph form to elaborate on the efficiency
and precision of the suggested method. The results revealed that the
suggested numerical method is highly accurate and effective when
used to Fokker-Planck-Kolmogorov time fraction differential
equations
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1. Introduction

Fractional Differential Equations are the generalization of ordinary differential equations of
arbitrary order (non-integer). In recent years, the application of fractional differential equations has
increased in many fields. Therefore, analyzing and solving these equations has become one of the
researchers' concerns. It is not always possible to obtain a closed-form solution for these equations,
and even in many cases, it is impossible. Therefore, researchers have tended to use approximate
methods to solve this type of problem[3].In the Mid-Nineteenth Century, Riemann and Liouville
introduced the concept of Differential Calculus. But Oldham and Spanier published the first book in
this context in 1974. It did not take long that the number of publications on fractional calculus
experienced a rapid increase. The reason is that many physical systems show fractional-order
dynamics, meaning that their behavior is under fractional differential equations control [1].
Fractional differential equation is the generalization of ordinary differential equation to arbitrary
order (non-integer). Everybody can find the history of fractional differential equations appearance
in [2]. Many researchers are interested in fractional differential equations because these equations
have a high ability to model complex phenomena such as economics [10], statistical and quantum
mechanics [11], solid mechanics [12], and joint surface dynamics between rigid layers and soft
nanoparticles [13]. Moreover, researchers are eager to improve numerical methods to solve them.
These methods include Fourier transformation [14], eigenvector expansion [15], Laplace transforms
[16], Edomian decomposition method [17], finite difference method [18], power series method [19],
fractional differential conversion method [20], and homotopic analytical method [21]. Meanwhile,
orthogonal functions have a particular place especially facing various problems of dynamical
systems. Researchers have employed orthogonal functions to solve many fractional differential
equations. The importance of orthogonal functions is that they can reduce a differential equation
into an algebraic equation using derivative or integral operational matrices. Among orthogonal
polynomials, the transferred Legender polynomials (p,,(t),m = 0,1,2,...,0 < t < 1) have the best
behavior and are more computationally efficient [22] and [23].Tyler and Bernoulli polynomials
(Bm(t),m=0,1,2,...,0 <t < 1) are not orthogonal. However, it is possible to calculate their
integral operational matrix. Since the integral of multiplying two Tyler vectors is a kind of Hilbert's
bad matrix [24], the applications of the Tyler series are limited. In statistical mechanics, the Fokker-
Planck equation is a partial differential equation that accounts for the time evolution of the density
probability velocity function for the particles influenced by drag and random forces. Brownian
motion is described by this equation, which may be extended to include observations expect for
velocity [28, 29]. For the first time, a mathematician and physicist, Joseph Fourier, proposed the
idea of representing a function in terms of a complete set of functions. Fourier proved that it is
possible to represent a function f(t) concisely using axes made up of a set of sine-like functions. In
other words, Fourier showed that it is feasible to represent a function f(t) by an infinite sum of sine
and cosine functions in in the form ofsin(at) and cos (at). Fourier bases became essential tools
with many applications in science. But over time, the weakness of the Fourier foundations became
apparent. Scientists found that Fourier bases and the representation of sine-like functions for
complex theoretical image signals are not ideal. For instance, they cannot efficiently display
transitory structures such as existing boundaries in images. They also observed that the Fourier
transform is applicable only for elementary functions. In 1957, Har was the first to point out the
wavelets. Generally, the goal of wavelet theory is to find new bases for L2(R). In this paper, we
defined a new set of fractional functions. This set is called Bernoulli fractional-order wavelets and
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constructed on Bernoulli wavelets by changing t to x*[30]. We show Bernoulli fractional-order
wavelets ¥, ., (x*) withyy ,, (x). Furthermore, we obtained the transformation matrix of Bernoulli
fractional-order wavelets to Bernoulli fractional-order functions. Finally, we found the operational
matrix of the Bernoulli fractional-order wavelet integral. Previous research has suggested a
technique for solving two-dimensional Fokker-Planck equations for non-hybrid continuous systems
using the finite difference approach, and the proposed method’s stability and accuracy have been
investigated. Many other articles are written on the numerical solution of Fokker-Planck equations
[26, 27]. The Bernolii wavelet method is utilized in this study to solve the Fokker-Planck-
Kolmogorov time-fractional differential equations in the following way[25]:
%u

a, _1 2 207U 9.2, 0% _A2)y —
Dfu 2axaxz+(,[>’ 20 )xax+(ﬁ 0%)u = R(x,t) (D

Initial conditions:

u(0,x) = fo(x), u(0,x) = f1(x), 0<x<1
Boundary conditions:

u(t,0) = go(t), u(t,1) =g,(), 0<t<1
R(x, t) Is the right side function of the equation, which is given for each equation.
2. Preliminaries:

2.1. Fractional order integral and Fractional Order Derivative

The Riemann - Liouville fractional integral operator of order v of the function f(t) € C,;; u = —1
is defined as follows [7]:

R O] =1 41 _
P =) T e S Tt S v>0 ”

f(@© ;v =0,
where tY=1*f(t) is the convolution product of the two functions t¥~* and f(t).

The following formula is the definion of Riemann - Liouville fractional integral operator which is
the generalization of the Cauchy’s formula for integrals,

1
(n-1)!

[FLY_g¢ 3)

a (x—t)i-n

f;l dx, f;z dx, ... f:”_l dx,_, =

For Riemann - Liouville fractional integral, we have [7]

(IP11V2f)(t) = V12 f(t);  wvy,v, =0
And
(IP11V2)(t) = (1211 f)(t),

v — _TB+Y) 4B,
e ==ttt B>, 4)

Riemann - Liouville fractional integral is a linear operator, i.e
v (/11f(t) + Azg(t)) = LIV f(t) + A,17g(8),

where A; and A1, are constants. The Caputo fractional derivative of order v of the function
f(t)ec™,is ([8-9])
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_ 1t W ,
DVf(t) = - fo i ds; n—1<v<nt>0neN.

Caputo fractional derivative satisfies in two relations below:
DrrrH© = f(t)
DU = £(8) - T FO (0, 5)
equation is a special state of the following equation

DUIVF(E) = [~ F ) (¢) = [ B (I"f(”)(t)) =1°7Ff(t) - Z?Qollmf_(z—ioi)_)ﬁ' a>
B, (6)

wheren—1<a<nandm-1<pf <m.

Some properties of the Caputo fractional derivatives for f(x) € €1[0,1],0 < v < 1 for are listed
below and you can find their proofs in [4].

NG PIOESIGESI(O}

D™(D¥f (1)) = D*(D"f (1)),

D™(DVf(t)) = D™V f(0),

DEf(t) =Im™ED™f(t); m—1< B <m,

DVC =0,

I't# = 0 whenv € N, and B < v, otherwise IVtF =

7. DY(Af(t) + A,9()) = 1, DVF(t) + 1,DVg(t),
C, 4, and A, are constants.

o bk wnN

r(B+v+1)

3- Research method
3-1- Bernolii wavelets and

Bernolii wavelets on the interval [0.1) is defined as follows[4]:

] k=144
b =) 2TER@T el
0 otherwise
Or
) B (®) m >0
B m(t) = @my  “2m (8)
1 m=0

wheref; = & =2 cm=012,..M —landn=12,..., 2%,

Bernolii polynomials are defined as follows[5]:

ﬁm(t) = ?lO(T)tiam—i ,i=0,1,...,m, (9)

t oo t _ -1 1 - _ .
E— i=0;al” ao—l,al—T, az—g,all,—% ,a2i+1—0, l—1,2,3,... (10)
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Figurel. Bernoulli wavelet with M=4 k=2

3-2-Functions Approximation
If {5 (%), Y& (x), ..., tpg‘k_lM_l(x)} c L?[0,1] is a set of fractional-order Bernolii wavelets, then

Y = Span{pfy (0, Wiy (), v, Y a1 00, W56 (O, v, WS a1 (0, e, Weiem1 o (), Wiiemsy (), e Wiy, (O} (1)
is a finite dimensional vector space.
Since Y is finite dimensional vector space, there is the best approximation for f(x) in Y like f,(x)
ie

vy ey, lIf(x)—foll < lIf (x) =yl
From the last relation, we can conclude that
vy(x) €Y, <f(x)-fo(x),y(x)>=0, (12)

where <, > shows inner product.

Because f,(x) € Y, there are unique coefficients such as ¢y, €11, ..., C,k-1,,_, that

k-1

fO0) = fo(x) = Xioy Zm=t Cnm¥Pnm (1) = CTPE (x) (13)

Where t represents transpose of matrix, C and W*(x) are matrices of order 2¥~1M x 1 and

C = [CIO' Cll' ey Cl M—1» C20, ey C2M—1' ey Czk—lM_l]T (14)
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W) = [Pio (00, Yy (), oo, iy -1 (0, Y55 GO, o, Y11 (), oo, Wi g (00, W3, (6D, oo, W31y, (O]T (15)
By the use of equation (3.14), we obtain

< f(x) = CTWe(x), W# >=0,i = 0,1, ..., 2K 1M (16)
For simplicity, we write
CT <W%(x),¥Y*(x) >=< f(x), ¥*(x) >, (17)
where
D =< W (x), We(x) >= [ W)W (x) x* dx (18)

is a matrix of order 2¥=1M x 2k-1 M.

Matrix D in equation (18) can be calculated by equation (2.10) in every interval n = 1, ..., 251, For
example, when k = 2 and M = 3, matrix D is Identity matrix and for k = 2 and M = 4, we get:

1 0 0 0 0 0 0 0 7
0 1 0 —-|Z 0 o0 0 o0
10
o 0 1 0 0 0 0 0
0 — \/Z 0o 1 0 0 0 0
D— 10
o 0o 0o 0o 1 0 0 o0
o 0 o0 0 o0 1 o0 - F
10
O 0 O 0 0 0 1 o0
0o 0 0 0 0 —-|Z o0 1
| 10 |
Also,
F = [fror fus oo Frmtots fo St wor fomtits wos faktgr o faioiyg_a 1Ty (19)
Where

fio =< £GP >= [ FEOPEGOxa1dx, (20)
i=12..,21j=01,..,M-1.
Using the above equations, we get coefficient vector C as follow
cT =FTD1, (21)

3.3. Transformation matrix of Bernoulli wavelet-fraction to fractional-order Bernoulli
functions

Assume that y(x) € L?[0,1]. Then, it can be expressed in terms of Bernoulli functions as follows
y(x) = ¥ ta;B¥(x) = ATB*(x), (22)
where matrices 4 and B*(x) are

B (x) = [Bg(x), B (), .., Bri-1 (O]T, A = [ag, ay, ..., am—1]", (23)
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Similar to Equation (3.21), we can write

AT = yTp*1 (24)
Where
D* =< B% B% >= folB“(x)B“T(x)x“‘ldx, Y = [Vo, Vi, 0 Yu-11T (25)
And
yi = foly(x)ﬁi“(x)x“‘ldx, i=01,..,M-1 (26)

Fractional-order Bernoulli wavelets can be expressed in terms of a fractional Bernoulli function as
follows

za"‘lMx1(x) = @zk—lmeBIC\Z/lm(x), (27)

where © is the transformation matrix of Bernoulli fraction-order wavelet to fractional-order
Bernoulli function. For example, suppose k = 2 and M = 3, then

W (x) = [ (), Y1 (), Y5 (x), Y3 (), Y51 (%), Y5, (x)]T (28)
B*(x) = [B5 (x), B (x), BF ()], (29)

which for 0 < x < (e
Wi (x) = V2 = V285 (%), (29)
P8 (%) = V(=1 + 4x%) = V6§ (x) + 4V6B (%),
P&, (x) = V10(1 — 12x% + 24x%%) = 37108 (x) + 12V10B88&(x) + 24V10B85 (x),
and for (%)é <x<1
W5 (x) = V2 = V2B (%), (30)
P4 (x) = V6(=3 + 4x*) = —V68¢ (x) + 4V6B{(x),
V% (x) = V10(13 — 36x% + 24x%%) = 3v108 (x) — 12V108%(x) + 24V1065(x).

Using the definition of fractional-order Bernoulli wavelet, we get ¥ (x) for k=2,m=
1,and n = 1 as follow

i () = V2126, (2x%) = 2V6p, (2x) = 2v6 (22 —3) = V6(4x“ — 1)
According to equation (2.9), it is easy to obtain
B (x) =x“—% = x“ =x“+%

B5(x) =1,

Therefore, we have

i () = Ve(4Bf (x) + 1) = 4V6B{ (x) + V6B§ (x).

The other wavelets can be calculated in the same way.
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Consider
1.1
0o ® = [a;j]ex3 0=<sx<(Pe
) 4 ) 1.2
@' =[a;j]exs QPe=x<1
And
[ V2 0 0 0 0 0
6 w6 0 00
®=|3V10 12V10 24vV10| apqd o' =
V2 0 0
0 0 0
0 0 0 —/6 46 0
0 0 0 13vV10 —12v/10 24410

To calculate inverses of matrices ® and &', we proceed as follow

A

d=]|.. Ot =[4"1 i Olyxok-1y
01yk-1p5m
0 1

= ... O =0 : B Uyxpk-1y-
Blyk-1yxm

Generally, for k = 2 and arbitrary M, we get

1.1
0= ¢ = [ai,j]zk—lMXM: 0<x< (5)06
- /; I 1 1
Q' = [ai,j]zk-lMXM; (E)a <x<l1
where
i1 ..
L 2 Aima’ L=]J
a; ;i = 7= ji—1 (i-1)y_1_ .
2 2% 2/ (i—j) A’ ] <1 <M
0, else
and
, (0 1<isM
i = {(—1)"+"‘Mai_M,j, M+1l<i<2kiy /=
and

—1)i-1(in2 .
e [T g w1, 21

3.4. Fractional Integral Operational Matrix of Bernoulli Fractional-Order Wavelets

Riemann-Liouville fractional integral of vector B*(x) in equation is given by

[VB%(x) =~ F@9 (x)B%(x)

(31)

(32)
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Where F¥® is the operational matrix of Riemann-Liouville fractional integral of order v, which is
M x M.

If we use equation (2.9) and properties of operator [Y fori = 0,1, ..., M — 1, we get

"B () = I"(Th=o(()Bicrx ™) = Thoo()Bir VX

i i I'(ar+1)
— Zr o b(U Q) ar+v
where
(v a) _ I'(ar+1)
b ( )F(ar+1+v) ) (34)

Suppose that it is possible to expand x*"*V by the Bernoulli fractional-order polynomials with M
sentences as follow

xar+v ~ Zr OC(U Q) .ar+v ,3] (x) (35)

By placing equation (3.34) in equation (3.32) for i = 0,1, ..., M, we get

PBEC) = Ehao by Thoo el B Ge) = Tt (B oy wis?) B0, (36)
where
WD = pOI ), (37)

Equation (3.35) can be written as follow

IVBL (x) = [Zr OW(U(X) Zr OW(va) . Zr OWL(}\)/Ia)lr']Ba(x)' t=01,..,M-1

i,0,r i1Lr ’

Thus, we have

r (v,a) (v,a) (v,a)
Wi,O r Wi,l r Wi,M—l,r

1 1 1
E w @ 2 w@® 2 w&®
F(v’a) — r=0 ,0,r r=0 i1,r r=0 LM-1,r .
M- M-1 M-1
W(u @) W@ W@
M-1,0,r M-1,1,r M-1,M-1,r
He—d1=0 r=0 r=0 -

We calculate w'v®, wi®, w® for ¢ = 2,M = 3,and v = 2;

According equation (3.36), we can write

(v,a) wa) _ . (va) (va)
Wiy = Wooo = Doo Coo -

Based on equation (3.33) for b(” @) we also have

b(““) — b(U ,a) _ ( )F(l) _
r(3)

where is the first Bernoulli’s number.
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We calculate cé” @) from equation (3.34)

cvw) — () _ 1 x2 a-1 1 .34, — 1_1
T] COO f Bo(x)ﬁo(x)x“ 1dxf '80 (X)X dx_foxdxfox dx—2><4 2
(va) _ 1
Therefore, wy gy = Z
Similarly, we have for wl(;’f) = wyY = b
wa) _ (v a) _ F(l)
bi,T‘ b ( )1"(3)
(va) va) _ 1 x2 a—-1 — 1 x3 2
‘rj = ‘oz ) BE0).BE (). 1dxf Bz (). x"dx = [lxt—x?+ )Zxdxf (ot —a® +
—)dx =—xXx0=0.

360

So,wé}’l'f)) = % x0=0.
The other components of this matrix are calculated in the same way. In this section, we evaluate the
fractional integral operational matrix of Bernoulli fractional-order wavelets:

'Y (x) = I[YOB%(x) = OIYB*(x) ~ OF»®B%(x), (38)
From equations (3.37) and (3.38), it is concluded that

PUDYE(x) = pLDEBY(x) =~ OF V¥ BY(x).
Therefore, fractional integral operational matrix of FBWs is acquired as follow
p®) ~ gF®@-1 (39)

3.5. Fractional Derivative Operational Matrix of Bernoulli Fractional-Order Wavelets

In this section, we apprise the fractional derivative operational matrix of order v. At first, we
describe the following lemma.

Lemma 3.6 Suppose that 8 (x) is a Bernoulli fractional-order function, then
DYBE(x) =0, i=01,..[}-1v>0
Proof. This claim can be proved by properties of Caputo fractional derivative and equation (2.9).
Riemann-liouvill fractional derivative of vector B*(x) in equation (3.22) is described by
DVB%*(x) =~ G®B%(x) (40)
where G js fractional derivative operational matrix of order M x M.

We find by using equation (2.9) and properties of Caputo fractional derivative for i = E e, M —
1] that

DYBE() = D (Zheo()Bir) = Bheo (DB D% = B _pi(Bicr iy 77 ==

F(ar+1-v)

T_I ]nl(:a’) Xar=v (41)
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where
(via) _ (i I(ar+1)
()

ni,r - ['(ar+1-v) -
Imagine that we can expand x“"*¥ by M sentence of Bernoulli fractional-order functions as follow
XV = P! kﬁf’]f“) B (x). (42)
Applying equations (3.41) and (3.42), we find out
DYBG) = Zh s Bheo k(% B G) = TG (B 050 ) B, (43)

(v,@) (v,a);,(v,a)
0 : k,r,]'

Ljr = Mir ’

If we rewrite the equation (3.43) as a vector, we obtain
~ i ( ’ ) i ( ’ ) i ( ’ ) Y — v
DYBE) = 2, 0007 By Oitr o By B0 u] Be(x), i=[Y,..M—1 (49

Hence, we have

H(U'a) 0 (v,a) 0 (v.@)

kol [ b2l

l l l
(v.a) (v.a) (v,a)
E r=[§'] Hi,g,(rx § r=[§.] 91,11},(: E " 9i‘UM‘il‘r

a

M-1 : M—-1 M-1
Z v HIEIULO;),o,r Z v 91\(/;);0;),1,1” Z v eﬂ(/lv;oi).M—l.r
at & ar |

G =

In this section, we obtain the fractional integral operational matrix of Bernoulli fractional-order
wavelets:

DV¥e(x) = DUPWPe(x), (45)
where D@ s called the fractional integral operational matrix of Bernoulli fractional-order
wavelets.

Using equations (3.26) and (3.40), we find that
DYW¥%(x) = DYOB%*(x) = ODVB%*(x) =~ 0G ¥ B%*(x), (46)
From (3.45) and (3.46), the following relations can be concluded
DAY (x) = pUDOBY(x) = OGVDBY(x).
Consequently, fractional derivative operational matrix of FBWSs obtain as follow

D™ ~ 9™, (47)
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3.7. The upper limit of error for the fractional integral operational matrix of fractional-order
Bernoulli wavelets

In this section, we obtain an upper error bound for the operational matrix of the fractional integrals

PM®and F . Besides, we show that the error vectors £ ”and £ approach zero when the
number of Bernoulli fractional-order functions increases. To find these errors, we repeat the
following theorems.

Theorem 3.8 Imagine f € L?[0,1]. It is possible to write f by infinitive series of Bernoulli
fractional-order wavelets and uniformly convergent series as follow

flx) = Z?Lo=1 Z?:)l=0 CrmWam (%) -

Since the reduced series of Bernoulli fractional-order wavelets is an approximate solution of a
system, the error function E (x) for f(x) exists as follow:

E(x) = |f(x) - 525

By placing x = x; € [0,1], we can determine the absolute value of the error in x;.

k 1
. 0 Cnmlnbnm (x)

The following theorem gives an error bound for the approximate solution by using series of
FBW:Ss. Before that, we have to provide the following definition.

Taylor's original formula [32]. Assume that D** f(x) € (0,1] for i = 1,2, ..., m, so we have:

— +
f(t) l 0 F(La+1)Dlaf(0 )+ F(ma+1) maf(f)' (48)
where 0 < ¢ < t,Vt € (0,1]. Also, we have
+
|f(x) l 0 F(La+1) la’f(() )| “F(ma+1) (49)

Where supge(o11ID™*f(§)| < M,. When a =1, the original Taylor formula is reduced to the
Taylor Classic Formula.

Theorem 3.9. Suppose that D*f(x) € (0,1] fori = 1,2, ...,m, QM + 1)a > 1, (7 = 2¥=*M) and
Yii = span{B§(x), BE(x), ..., Byi_100)- If fu(x) = AT B*(x) is the best approximation derived
from Y, on the interval [k 1,2: -], then approximate solution error bound of fz(x) can be
obtained by FBWs series on [0,1] as follow [6]

. SUDxefo,1)|DM*f ()|
If = fall < T(Ma+1)J/2M+1)a 0
Proof. We define
wc +
filx) = ikt F(la+1) Df(0™).

Based on the above definition, we get

F) = A < s S, IDHF (O

where
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- Zk l’zk 1]
Since fi;(x) = AT B*(x), the best approximation derived from Y2 on the interval [:k;_ll%] and

M-1 xie ia +
izo F(w[“)D f(0%) € Yy, thus

”f _frﬁlliz[o’l] = ”f - CTLIJCZ”iz 01 =

k— k—
2 f — ATBY|?, ntng < Y220f -

k12k1

T * M -1
f1”L2 n-1 n Szn 1f2 o1 [m prIk,nlD “f(x)l] x% tdx <

Zk—13k—1
Ma

= Ma a=1 1 Ma 2
Js [F(Maﬂ)supxezk_nlD f(x)l] x*NdX S T (SUDxepo1]IDM* f ()

The proof is complete if we take the second root.

The last theorem proves that the approximations of Bernoulli fractional-order wavelets f(x) is
convergent. Now, we try to find the upper bound of PO Furthermore, we show that the error

vector of E EV) approaches zero when the number of FBws increases. At first, we explain the
following theorems.

Theorem 3.10. Suppose Y is a subspace of the Hilbert space H so that dimY < oo and y,,y,, ..., Vn
is a basis for Y. Also, imagine z is an arbitrary member of H and y* is the best approximation of z
derived from Y. Based on [13], we have

_ *|12 — G(Z'yliyZ""'yn)
”y y ”2 G(J/1,yz,-~-,3/n) ’
where
<z,y;> <z,y1> ... <Zy,>
<Y1:Z> <Y1»Y1 v <Y1uVn >
G(Z,Y1, Y201 Yn) = : "
<Yn1Z> <yniy1 <yn'yn>

Theorem 3.11. Assume that g € L?[0,1] is approximated by g,,(x) as follow
g(x) = gy (x) = it aifff = ATBY(x).

Remember that AT and B¥(x) were defined in equation (3.22). By considering

Lu(g) = [, Tg() — gu(0)]? dx,
we obtain

IV}E)noo Lu(g) = 0.

The error vector E Ev)of the operational matrix P("®can be calculated as follow

€10

e
EW = pooye _ jape, g = : (51)
€r2k-1(Mm-1)

From equation (3.43) by the assumption x*"*?, we conclude
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XY = P e O (), (52)
where ¢ ;. (" “)was calculated with the best approximation. Using theorem (3.10), we find
M-l ar+v a a a 1
xar+v _ Z (Va)ﬁ a(x) — <G(x ,,BO(X),,B1(x),...,’8M_1(x))>2 (53)
= G(B G5, BT, ., B y—1(x))

2

Based on (3.32)-(3.35) for 0 < i <M — 1, we get

I"B %(x) — Z (Zro fl;ff)) a(x)” <Yi_ 0() T(ar+1) Bi_,

F(ar+1+v)

(V Do a I(ar+1) G(x T+, () B L), fy-1 (X))
ﬁ (x)” < ZT 0( )F(CZT+1+U) ﬁ < (ﬁ g(x);ﬁtll(X).---.ﬂ %/1_1(35)) )

”élillz = artv —

N[

Now, we can find error vector E Ev)of fractional integral operational matrix of Bernoulli fractional-
order wavelets. Using equations (3.26) and (3.39), we find
E" = prvoge _ pye = grv@@-1gpe — [29B* = QF VDB — QIVB* = OE .

Therefore, we obtain

EY = 0E™. (55)

According to the above discussion and Theorem 2, we can conclude that the bases of vectors E ; )

and E,(”) approach zero when the number of Bernoulli fractional-order functions increases.

4. The wavelets method for solving differential equations of Fokker-Planck-Kolmogorov
fractional order

For the approximate solution of the Fokker-Planck-Kolmogorov fractional differential equation, the
Bernoulli wavelet method is explained as follows:

22611

D¢u — 2(5 +(B- 202)x—+ (B—0%)u = R(x,1) (56)

Initial conditions:

u0,x) = fo(x),  u(0x)=fK), 0<sx<1

Boundary conditions:

u(t,0) = go(t), u(t,1) =g0), 0<t<1
R(x,t) Is the right-side function of the equation given for each equation.
Consider:

o%u(t,
8 e W (O o Wi (D (57)

By twice integrating with t from both sides of equation (57) we have:

azu(x,t) ~ " T 2
Ix2 ~ f0 (X) + tfl (X) + mexm(x)cmxm(l lIJm><m(t)) (58)

By twice integrating with x from both sides of equation (58) we have:
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d u(tx) d u(tx)

lx=0 + fo(x) + f5(0) + t(f1(X) f1(0)) +

(IHaXxm(X))T‘mem(l “Wsm (D) (59)
u(t,x) & ut, 0) + x 252 o+ (F,(0) — £,(0) — x5 (0)) + (£, () — £,(0) — x£{(0)) +
(IP%5m () T Crnemn (2 Wimsem (V) (60)

Now by applying the boundary conditions and putting x = 1, we will have:

a u(t X)

u(t, 1) = u(t,0) +x lx=o + (Fo(1) — £5,(0) — x£5(0)) + t(f, (1) — £,(0) — £{(0)) +

(IZ‘Pme(1))Tmem(IZ‘Pme(t)) (61)
Therefor:

6u(tx)

lx=0 = 81(1) — go(©) — (fo(1) — £,(0) — £5(0)) — t(f, (1) — £, (0) — £;(0)) —
(I2%m (D) Conem (12 Wi (9) = K(©) (62)

Now by placing K(t) in Equation (60) we have:

u(t,x) ~ go(0) + xK(O + (f () — £,(0) — x£5(0)) + t(£, 6 — £5(0) — x£/(0)) +
(1% () o (12 () (63)

Now we need the fraction derivative u (t, x) according to Equation (56). From Equation (62) we
derive the order fraction a with respect to t:

T
D'(cxu(t' X) = D?go(t) + XD?K(t) + ([Zl{mem(X)) mem(lz_alpmxm(t)) (64)
And we will have:

T

DEK(t) = Df'gy () —Df'go(t) = (I*Wimxm (1)) Conxen (12~ P (1) (65)
Now convert all approximations (<) to equals (=), and place equations (58), (59), (63) and (65) in
Equation (45), the following linear equation is obtained:

D‘é‘go(t ) +3DE K(t;) + (It () Conan (7 Wi () = 3 0257 (B () + £ () +
mxm(Xl)mem(lpzmxm(t ))) +(B- ZGZ)XI(K(t ) + fo (%) — fO(O) 4 (fl(Xi) f1(0)) +
(% e (D) Conen (P2 e (6)0) + (B = 02) (g0 () + xiK(t;) + (Fo(x) — £6,(0) — x;£5,(0)) +
tj (fl(Xi) - fl(o) - Xifll(o)) + (Izlpmxm(Xi))Tmem(lzlpmxm(tj)) = R(Xi'tj) (66)
5- Solving numerical examples
Numerical solutions and errors are calculated, evaluated, and provided in tables after evaluating

certain numerical instances with conditions of varying initial values. The MATLAB software is
used to solve all of the examples.

Example 1: In equation 1, by placing,a =1.1 ,=1,0 =02,m =3,k =2,
Initial conditions:
u(0,x) =0, u(0,x) =0, 0<x<1
Boundary conditions:
u(t,0) =0, u(t,1)=0, 0<t<1

The right-side functions of the equation:
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R(t, x) =<

The accurate answer of this equation in example (1) is u(t,x) = t?sin(mx). Example (1) is solved
by the Bernoulli wavelet method for , «a =1.1 ,8=1,0=0.2,m =3,k = 2and its error is

presented in Table 1.

t2 -

ri3—a)
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+ % (oxtm)? + (B — 02)t2> sin(mx) + (B — 2(0)*)t?xm cos (mx)

Table 1: example 1 error,by placing, a = 1.1 ,=1,0=02,m=3,k =2

(x,1) a=1.1 a=1.3 a=1.5 a=1.7 a=1.9
(1.13,1.13) 5.11*107%° 2.18*1071° 5.10*10°* 6.32*10"'' 2.08*10° !
(3.13,3.13) 4.02*107% 1.84*10°% 2.34*10°% 5.47*10°% 4.06*107®
(5.13,5.13) 3.64*107° 1.52*107° 1.82*107°® 4.19*107°® 5.28*107°
(7.13,7.13)  2.74*107> 2.01*1075 3.01*10~° 2.94*107° 3.64*107°
(9.13,9.13) 3.19*10°* 3.84*10™* 4.62*10™* 6.38*10™* 4.15*10°*

(11.13,11.13) 1.59*1077 1.04*10~7 2.14*1077 3.55*1077 2.07*1077

Figure 2: Relation of B and error forexample Lfora =1.1 ,=1,06=02,m=3,k =2
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Figure 3: Approximate and exact solution, respectively for example 1 fora =1.1 ,=1,0 =02,m =3 ,k =2

The method of numerical solution fora = 1.1 , =1,0 = 0.2,m = 3,k = 2is presented in Table
().

Table 2. the numerical solution of example 1 py placing, a =11 ,=1,0 =02,m =3,k =2

x.t)

o=1.1

o=1.3

o=1.5

o=1.7

0=1.9

(1.13,1.13)
(3.13,3.13)
(5.13,5.13)
(7.13,7.13)
(9.13,9.13)
(11.13,11.13)

2.55*10~*
3.84*1073
1.64*1072
1.79*1072
2.13*1072
3.18*10°2

2.54*107*
3.83*1073
1.63*1072
1.78*1072
2.12%1072
3.18*10°2

2.54*107*
3.83*1073
1.63*1072
1.78*1072
2.12%1072
3.17%10°2

2.53*107*
3.82*1073
1.62*1072
1.76*1072
2.11%1072
3.17*10°2

2.53*107*
3.82*1073
1.62*1072
1.76*1072
2.11%1072
3.16*10°2
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Example 2: the numerical solution of the following equation:

In equation (1), by placing a =11 ,=0.5,0=0.2,m =3,k = 2,
Initial conditions:

u(0,x) =0, u(0,x)=0, 0<x<1

Boundary conditions:
u(t,0) =t3 u(t,1)=et? 0<t<1

The right-side functions of the equation:

r@) 3% — 1azaczt?' + (B —20%)xt3 + (B — 02)t3> e

e = (gt

The accurate response to this equation in example (2) isu(t,x) = t3e* . Example (2) is solved by
the Bernoulli wavelet method for ¢ = 1.1 ,§ =0.5,0 =0.2,m = 3,k = 2 and its error has been
shown in Table (3).

Table 3. The error of example 2, by placinga =1.1 ,=05,0=02,m =3,k =2

x.H)

o=1.1

o=1.3

o=1.5

o=1.7

o=1.9

(1.13,1.13)
(3.13,3.13)
(5.13,5.13)
(7.13,7.13)

452*1078
3.74*107°
2.91*107°
2.74*107*
3.21*107*

5.41*10°8
4.12*107°
3.04*107°
2.14*107*
3.01*107*

5.19*107°8
4.63*1077
5.33*10°8
3.55%107*
4.12*107*

4.99%10°8
4.47%107°
3.12*1078
2.39%10°*
4.19*107*

5.55*1078
4.34*107
3.17*10°8
2.37%107*
4.20*10~*

(9.13,9.13)

(11.13,11.13) 1.18*10°% 1.44*10% 2.01*10"%® 1.67*10~® 1.33*10°3

o 02 04 bE ] 1
Figure 5: Approximate and exact solution, respectively example2 for,a = 1.1 ,§=05,0 =02,m =3,k =2
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In Table (4), the numerical solution method for a = 1.1 ,=0.5,0=0.2,m =3,k =2 has

been shown.
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Table 4: the numerical solution of example 2 by placinga =1.1 ,=0.5,6 =02,m =3,k =2

(x.t)

o=1.1

0=1.3

o=1.5

o=1.7

0=1.9

(1.13,1.13)
(3.13,3.13)
(5.13,5.13)
(7.13,7.13)
(9.13,9.13)

(11.13,11.13)

5.55*107*
2.84*1073
1.55*1072
3.28*1072
1.13*1072
7.18*10°2

5.54*107*
2.83*1073
1.54*1072
3.27%1072
1.12*1072
7.17%1072

5.53*10~*
2.82*1073
1.53*1072
3.26*1072
1.11*10°2
7.16*10°2

5.53*107*
2.82*1073
1.53*1072
3.25*1072
1.11*10°2
3.16*102

5.52*107*
2.81*1073
1.51*1072
3.25*1072
1.10*1072
3.15*1072

Example 3: the numerical solution of the following equation:

In equation (1), by placing,a =11 ,=05,0=02,m=3,k =2
Initial conditions:

u(0,x) =0, u(0,x)=0, 0<x<1

Boundary conditions:
u(t,0) =0, u(t,1)=t3sin’x, 0<t<1

The right-side functions of the equation:

r4)
r(4-a)

R(t,x) = ( t37% + (B — 02)t3)sin’x — o%x2t3cos (2x) + (B — 0?)xt3sin (2x)

The accurate response to this equation in example (3) isu(t,x) = t3sin®x . Example (3) is solved
by the Bernoulli wavelet method for « = 1.1 , =0.5,0 =0.2,m =3,k = 2 and its error has
been shown in Table (5).

Tableb. The error of example 3, by placinga =1.1 ,§=0.5,06 =02,m=3,k=2

(x,1) a=1.1 a=1.3 a=1.5 a=1.7 a=1.9

(1.13,1.13) 352*10°% 5.85%107® 5.19*10°% 4.84*107® 5.60*10°
(3.13,3.13) 3.18*107% 4.24*107% 4.63*1077 4.55*107° 4.23*10°°
(5.13,5.13) 2.91*107° 3.11*107° 5.02*10°% 3.11*1078 3.27*10°%
(7.13,7.13) 2.45*107* 2.20*107* 3.44*107* 2.44*10™* 2.21*10°*
(9.13,9.13) 3.39*107* 3.21*107* 4.19*10™* 4.45%10~* 4.37*10°*
(11.13,11.13) 1.71*1073 1.59*103 2.11*103 1.55*10°% 1.47*1073

0

A

el

ot

e

Figure 6: Relation of B and error for example3 for,a = 1.1 ,§=0.5,06 =02,m =3,k =2
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Figure 7: Approximate and exact solution, respectively for example3 for,a = 1.1 ,§ =05,06 =02,m =3,k =2

In Table (6), the numerical solution method for « = 1.1 , =0.5,0 = 0.2,m = 3,k = 2has been
shown.

Table 6: the numerical solution of example 3by placinga = 1.1 ,§ =0.5,6 =02, m =3,k =2

(x,t) a=1.1 o=1.3 o=1.5 o=1.7 o=1.9

(1.13,1.13) 5.47%10~* 5.42*10~* 5.77*107* 5.78*10~* 5.44*10°*
(3.13,3.13) 2.75%1073 2.76*1073 2.75*1073 2.74*1073 2.79*1073
(5.13,5.13) 1.62*1072 1.67*107%2 1.54*1072 1.72*107% 1.47*1072
(7.13,7.13)  3.31*107? 3.33*107% 3.36*107? 3.36*107% 3.33*107?2
(9.13,9.13) 1.19*1072 1.28*1072 1.01*1072 1.22*107%2 1.19*107°2
(11.13,11.13) 7.63*1072 7.37*107%2 7.42*107% 3.43*1072 3.01*10°?2

6. Discussion and conclusion

In this paper, we employ the Bernoulli wavelet method to solve the Fokker-Planck-Kolmogorov
time fractional-order differential equations. Accordingly, it is essential to be familiar with fractional
calculus and wavelets. So, we initially introduced the Bernoulli and Bernoulli fractional-order
wavelets, the Bernoulli polynomial, and Bernoulli fractional-order functions. In the following, we
continued by introducing fractional integrals and derivatives and described approximation of
functions by Bernoulli fractional-order wavelets and functions. Then, we obtained the
transformation matrix of the Bernoulli fractional-order wavelet to Bernoulli fractional-order
functions. Finally, we specified the operational matrix of the fractional integral and derivative
Bernoulli fractional-order wavelet and the upper error bound for the operational matrix of Riemann-
Leouville fractional integral and operational matrix of fractional integral of Bernoulli fractional-
order wavelet. After introducing the operational matrix of the Bernoulli wavelet fractional integral,
we used it to solve the Fokker-Planck-Kolmogorov fractional differential equations. After
numerically solving the equation, we analyzed the error between the exact answer and the
approximate answer obtained from the numerical method
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