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1. Introduction

For decades, a plethora of efforts has been made to exactly solve nonlinear partial differential
equations (NLPDEs). Moreover, many methods with various strengths and weaknesses have been
introduced to achieve the goal. Some of the most commonly used of them are first integral methods
[1-4], ansatz method [5-9], G'/G expansion method [10], modified exp-function method [10,11],
Kudryashov method [12-14], the functional variable method [15-17], and many others [18-25]. The
present research focuses on two methods called Kudryashov and G'/G expansion methods to
achieve exact solutions of NLPDEs. In both methods, the solution is expressed as a polynomial such
that the solution process can be easily handled by symbolic computations [26-29].

The goal of the article is to achieve exact solutions of (2 + 1)-dimensional Sakovich equation. In the
last two years, the following the (2 + 1)-dimensional second-order Sakovich equation has been
introduced and studied by some researchers [30].

qxt + qyy + 2(:;quy + 6q2qxx + 2(qxx)2 = 0 (l)
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The above-mentioned equation pertains to a category of second-order equations, quadratic in
Q. that satisfy the Painleve test for integrability and holds Korteweg-de-Vries (KdV)- sort multi-
soliton solutions [1]. What sets this equation apart from the KDV equation is that this equation is
not a third-order q,.,., scatter expression. Wazwaz and Sakovich have come up with good ideas for
this newly developed equation and its remarkable properties [30,31]. In [32], the multi wave and
interaction solutions of this equation are obtained by Lie symmetry analysis method.

The issues raised in other sections of the work are as succeeding. In part 2, the preliminary ideas of
the Kudryashov method and the expansion of G '/ G will be discussed. In part 3, Kudryashov's
method will be applied to achieve the exact solutions of the Sakovich equation. In Section 4, the G'/
G expansion method is used to discover exact solutions to the equation. Finally, a conclusion will
be presented in Section 5.

2. Introducing the methods

In the current section, the general structure of Kudryashov and G'/G expansion methods to obtain
the exact solutions of NLPDEs is briefly described.

2.1. kudryashov method

For describing the primary ideas of the Kudryashov method, the following NLPDE should be noted

P(d, G,y Gy Gy Tgr Ay Oyo--) =0 .

Step 1: By changing the variable & = ux+0y—wt,
where &, x and w are nonzero constants, Eq. (2) stated as follows

Q(a.9.9",..)=0 3)

Step 2: It is assumed that the solution of Eq. (2) has a solution as follows

M@=Z&W@) @)

In which a,, n=012,..,N (a, #0) are unfamiliar parameters, and N can be achieved by

balancing between the highest order derivatives and highest order nonlinear terms in Eq. (3), and
R(&) has the form

dae
4a’ +ne >’

R(&) = (5)

which fulfil the following equation

(R(&)* =R*(A-7R*(E)). (6)
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we have
R"(&) =R(&)-nR*(&),

R"() =R'(£)1-67R*(£)), Y

Step 3: Setting Eq. (4) into Eq. (3) results
F(R(S)) =0, 8)

where F(R(&)) is a polynomial in R(&). By considering the coefficient of each power of R(&) in
Eq. (8) equal to zero, a algebraic will be dreived for findinga,,w, 4, and x.

Step 4: By substituting the parameters obtained from step 3 in relation 4, the solution of the Eq. (2)
will be resulted.

2.2. G’/G expansion method

To implement the G'/G expansion method, the following stages must be considered.
Step 1. By changing the variable

E=X+Yy—Wwt, ©)

where w is constant, Eq. (2) will be stated as:

Q(.q.q",...)=0, (10)

which the superscripts denote the derivatives with respect to & .

Step 2. Suppose that the solution of ODE (Eg. (10)) can be written in G'/G as follows:

4(&) =Za [%j (1)

that G =G (&) fulfill the second order linear ordinary differential equation in the following form

G"+AG"+uG =0. (12)

Where ¢, A, and x are unknown parameters to be find with ¢, #0. From Eq. (11) and Eq. (12)
we derive
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P\ M+1 M
q’=—mam(%j —mﬂam(%J 4o (13)
q"=-m(m+1)¢ (E]m —(Ejz—/{g)— +---=m(Mm+1De, (Ejm+2+---
) "\ G G c) """ "\ G '

q™ = (=)"m(m+2)..(m+n-De,, (E’jmm feen

Step 3. For obtaining m , the homogeneous balance must be considered between the highest order
derivatives and highest order nonlinear term in Eqg. (10). Replacing Eq. (11) into Eq. (10) with

!

considering Eq. (12), results in an algebraic equation including (%j . Getting the coefficient of

!

i
power of (Ej to zero cause a system for obtaining unknown parameters.

Step 4. Placing over determine value in Step 3 in Eqg. (11), and the general solutions of Eq. (12), the
exact solutions of the Eq. (2) will be achieved.

3. Application Kudryashov method to the Sakovich equation
By applying the transformation &= ux+Jy—wt, Eqg. (1) convert to,

(6% — W) "+ 2u609" +6,4°°q" +25*(q")* =0. (14)

By balancing principal, we derive N =2 . Therefore, the solution series is considered as follows.

q(e) = a, +a,R(&) +a,R*(&). (15)

Where R(&) satisfy in Eg. (6). Substituting Eqg. (15) into Eq. (14), and considering the coefficient of
R(&) equal to zero, results in

(52—|,Lw)al+2u5a0a1+6u2aéa1:0 (16)

4(82 —uw) a, +8udaya, +2u6a% +24]vtza(2)a2 + 12u2a0a% +2u4a%:0

—2(62 —uw)nal —4udayna +10uda, a, — 12u2aénal +48u2a0a1a
+6},L2 <2a0a2 +a?) a, + 16;14511 a,=0

2
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—6(82—uw)na2—12u6aona2—4u6afn+8u6a§—36uzagna2—24u2a0a%n
2 2 4
+24u (2a0a2+a%)a2+12u a%a2+2u (—4T]a%+l6a§>:0
2 2 2 2 2 4

—16u8a1na2—72u aga na, — 12 (Zaoaz—i-al)na] +54ua,a; =56 ama,=(
—12u5a§n—36].L2(2a0a2+af)na2—24},t2a?a2n +24},L2a;+2p4 (41]201%—481]

2) _

az)—O
w81t a a, —8anp’a =0

2t —36mp’dd =0

Solving above system, leads to

3 6 2
LS 0 o oy we L8456 -

6 u 6 7,

aO:

So, the solutions of the sakovich equation can be acheined as follows

2
6 2
75%#“1(16# +55%),

6 H

e
3
q(e) =—= - E0 4 3oatyty , (18)

2
6 2
6 H —26y—2,ux+%7(16# 557),

4a* +ne #

where a,77,0 and p is aconstant. The plots of solution (Eq. (18)) for various parameters are drawn

in Figures 1, 2. Considering a =% and 7 =1, the solution (Eq. (18)) will be as follows

3 6 ,
Q(é‘):—%d'ﬂ +5+2ﬂzsech2(—5y—ux+%wt)
1-84°+68 1(16 6+552) (19)
:_EL_Mtanhz(_5y_ﬂx+gﬂ—t).
y7i
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=lLu=la=1p=1and t=0.1

Figure 1. The plot of solution Eg. (18) for &
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-08

Figure 2. The plot of Eq. (18) for §=1, #=1 and y=0.1

4. Application G'/G-expansion method to the Sakovich equation
By considering, & =x+y—wt Eqg. (1) convert to

(1-w)q"+2qq”" +60°9" +2(q")* = 0. (20)

By balancing principal, we derive m=2. Therefore, the solution series is considered as follows.

’ 2 !
qé) =a, (%) +a (%) +a,, a,#0. (21)
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!

Substituting Eq. (21) into Eq. (20), and placing the coefficient of (é— equal to zero, results in system

of equations.

(1—w) (Mtocl +2u20c2) +2a, (Mtocl +2u20c2) + 120% (xual +2!~t2(12) (22)

+2(ML0L1 +2u20c2)2:0

(1 —w) (kzocl +6ML0£2 +2uoc1) +2a, (kzocl Jr6ch2 +2uoc1) +20, (chl
+2u20c2) + 12&3 (kzocl +6Aua, +2u0¢1) + 240, 0, (Mtocl +2u20c2)
+4(Mxoc1 +2u20c2) (lzocl +6ML0L2 +2u0c1) =0

(1=w) (10hay +20,) +20, (10h0, +20,) +2a, (4x2a2 +310, +8u(xz)
+20, (Xzocl +6Apo, +2u0c1) + 120%(107»0(2 +2oc1) +2400, (47&2062
+3Mo, +8u0c2) + 12 (2a0a2 +OLT) (Kzocl +6iua, +2u0c1)
+240, 0, (MJ,OLI +2u20c2) —|—4(ch1 +2u20c2) (107»0(2 +20L1) +4(7&20L1
+6iua, +2uoc1) (4k2a2 +3ho, + 8}10(2) =0

(1 —w) (4K2a2 +37u(x1 +8uoc2) +2a, (4%2% +37u(x1 +8uoc2) +20, (kzocl
+6lua, +2uoc1) +2a, (M,Locl +2p20c2) + 120(3 (4k2a2 +3Mo, +8uoc2)
+24 0, a1, (kzocl +6iua, +2u0c1) + 12 (20(00(2 +0c?) (chl +2u2(x2)

+4 (Mxocl +2u20c2) (4l2a2 +3ho, +8u0¢2) +2 (kzocl +6iua, +2u0c1)2
=0

6(1—w) o, + 1200, + 20, (1000, +20,) +2a, (4x2a2 +3h0, +8uoc2) +72
(xéocz +240, 0, (10%0(2 +20c1) + 12 (Zocooc2 +oc?) (4X2a2 +3h0, +8uoc2)
+240, a, (Xzocl +6Mxoc2 +2uoc1) + 120c§ (Mxocl +2u20c2) +240, (Mxocl
+2u20c2) +4(k2a1 +6Apoa, +2uoc1) (lokoc2 +20c1) +2 (4%2(12 +3Mo,

+8u0c2)2=0

120c§+72 (20(005—%0(?) a2+24a1a2(10ka2+2a1) + 120c§ (4k2a2+3la1
+8u0, ) +24 0, (4x2a2+3xa1 +8pa, ) +2(10%0, +20c1)2=0

2 2
1440 oc2+12a2(10m2+2oc1) +24a2(10m2+2a1) =0

Solving above system, leads to



Z. Ayati / Computational Sciences and Engineering 3(1) (2023) 163-175

1, 4 1 8 , 5

ay=—=4 —3HT e =-21, a, :—2,W:%/14—g/12,u+—,u2+—.

6 3 3 6

By replacing Eqg. (20) into Eq. (19), we have

GY ., (G) L1, 4 1
a2 L) -2(E)-Lr-Lu-t

where

1 4 8 5
=X+y— (A —=Pu+— P+t
g y=(GA —g AU+

171

(23)

(24)

(25)

Putting the general solutions of Eq. (12) into Eq. (21), leads to the following general solution of Eq.

2):
When A% —4u >0,

2

q(8) =-

If B=0, so

0 =2 4ﬂtanh( NER 4;,5) ___ﬂ_%

And when A=0, we derive

When 4% -4, <0,

1 1 ’
Ay 22 Asm?/4,u—/12§+Bcos§w/4,u—/12§ 2 4

q(é):_ +———pu—=.

2 Acos;w/4y—/12§+Bsin;«/4y—/12§ 3 3

If B=0, so

) Asinh 1«//12—4;15 +Bcosh 1«//12—4;15 ,
A2 —4u 2 2 IESC Y

2 ACOSh(;«/ﬂZ—Ar,u §j+ Bsinh[; A*—4u é) 3 3

(26)

@7)

(28)

(29)
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4u-2° 1 2401
q(&)=- ,u2 tanz(E\/‘l,U—;sz)“‘?—gﬂ—g- (30)

And when A=0, we derive

Ap— A2 1 A4 1
q(é) =- #2 COtZ(E\/"rﬂ—/lzf)"‘?—g#—g- (31)

When A% —44=0,
B VY 12 4 1

=2 — | + 22—, 32

a(s) (A+B§J+3 3976 (32)

The plot of the above solutions for different values of the parameters is drawn in Figures 3-5.

.xlo‘-‘

L Tﬂ\"‘m

Figure 3. plots of Eq. 26) withA =1,B=2,A=3,u=1,y =0.
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Figure 4. plots of Eq. 29) withA =1,B=2,A=1,u=1,y=0.

Figure 5. plots of Eq. B2) withA=1,B=2,A=2,u=1,y = 0.

5. Results and Discussion

In this study, some types of solutions for Eq. (1) were constructed and given a graphical
representation. Various kind of graphics of different solutions were drawn in Figures 1-5 which
vividly present the soliton wave solution.

By substituting 6 =u=-1 in Eq. (19), the solution of Eq. (1) by kudryashov method will be
obtained as follows

q(g):%—Ztan h?(x + y+%t). (33)
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The above solution can be obtained by considering A* -4 =4 in Eq. (27) which is the acquired

solution by G’/G expansion method. Therefore, the outcoms of the two methods are equivalent to
each other.

6. Conclusion

The (2+1)-dimensional Sakovich equation was meticulously investigated in the present work and
the exact solution of this equation has been attained fruitfully by the effective Kudryashov and G'/G
expansion methods. As it has been disscussed in the article, the solutions obtained from the two
methods are equivalent, that is to say, by considering the appropriate values of the parameters, the
solution obtained from one method can be generalized to the other one as well. Among the main
advantages of the presented methods, the following features can be considered precisely simplicity,
directness, reliability and being computerizable. Moreover, Reducing the volume of computer
calculations of the used methods compared to similar methods is another merit of it.
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