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Chebyshev nodes bound for high-order derivatives is often challenging. This paper
Trapezoidal rule introduces a novel probabilistic framework to address this longstanding

limitation. Instead of treating ¢ as an unknown deterministic value, we
model its location probabilistically. By considering the interpolation
nodes as random variables or analyzing the distribution of ¢ for a fixed
x, we derive a statistical estimate for its expected value. This approach
allows us to propose a specific, computable value for ¢ that provides a
highly accurate estimate of the actual interpolation error. The
theoretical findings are substantiated with several numerical examples.
These experiments demonstrate that our probabilistic estimate of the
remainder term consistently aligns with the true error, offering a
practical and powerful alternative to traditional worst-case error
bounds. This method provides a new perspective on error analysis in
approximation theory, bridging deterministic numerical methods with
probabilistic techniques.

1. Introduction

The error term of a numerical scheme determines its effectiveness whereby, for example, Iserles
showed the Gauss-Christoffel quadrature rule works well for integration of smooth functions,
however for high oscillatory functions, it is a completely useless estimation (see for instance
[1,2]). Furthermore, by choosing the suitable upper bounds on the error of trapezoidal integration,
Trefethen and Weideman [3] verified the exponential order of the error. Finding the numerical
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errors of interpolation (see for instance [4]) as well as the explicit upper bound for the
interpolation error (see for instances [5, 6]) is still of interest to many researchers . For the error of
polynomial interpolation in the one-dimensional case, a famous upper bound is seen in many
textbooks (see for instance [7]). In this paper, we discuss on the desirability of this upper bound.
In fact, the sharpness of this upper bound is discussed here.

Let f be a function defined on [a, b] and x,, x4, -*-, x,, be n 4+ 1 distinct nodal points such that

a=xq<x < <Xp_q<xp,=>h. 1)
Suppose B, is the interpolating polynomial of f, at most of degree n, that interpolates the function
f at the above nodal points. If f € €™*1([a, b]), it is well known that the interpolation error of f
by P, satisfies as

Y@f™DE) @

E(x) = f(x) — B.(%) = Tt

X € [a,b],
where W(x) = (x — xp) - (x — x,) and & € (a, b) (see [7]).

The function £+ is bounded, therefore, there exists M > 0 such that

I f™+D I ,< M, (3)
then
MWl (4)
IE < TR

The question is that:
What is the use of the upper bound given in Eq. (4)?

If | ¥ Il is small enough, it clearly depends on the value of M. For instance, let T,,,, be the
Chebyshev polynomial of degree n + 1 on [a, b] = [—1,1]. Then,

min || W |, ®)
X

13

is reached on the roots of Chebyshev polynomial of degree n+ 1. In this case, ¥(x) =
27" T,4+1(x) and so

W ll,= 27", (6)
which is an enough small value for enough large n.

In order to clarify the importance of the preceding question, we state an example:

Example 1 Let f(x) = e!% be defined on [-1,1]. How many Chebyshev points should be chosen
such that the error of polynomial interpolation on these points is at most 10~°?

Answer: The relations

[ (610X)(n+1) ”oo=” 10n+1610x ”oo= 10n+1610 (7)

and Eq. (3) imply that

2—n10n+1elo (8)

Ello=If—P <
lElo=If—Bllo < CEEN
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—n10n+1elo

It is seen that the smallest value of n such that Z(nT <107? is n = 32, while it is

computable that || f — P,; llo~ 7.5e — 10 < 107°. Thus, the upper bound of (4) seems not to be
suitable!

2. Probability theory
We start this section by a fundamental question:
How to find an appropriate upper bound of the error?

To respond to this question, we again note to Eq. (2). If we discover the place of & for any x €
[a, b], specifically for arg(ll E ), then by Eq. (6), Il E ll, will be exactly computed. We rewrite
the question in another form:

How to find ¢ in (a, b)?

Our aim is to response this question by probability theory. What is the probability of being a
random value x € (a, b) equal to £? We know that the answer is 0, because (a, b) is a continuous
interval. Therefore, we change the question as follows: What is the probability of & falling in the
subinterval (x;, x;4,] fori =0,1,---,n —1?

To answer this question, we review the proof of the error for polynomial interpolation given in (1)
(see for instance [7]):

Proof. If x = x;, there is nothing to show. Let x # x; fori = 0,1, ,n.

We can find a constant K such that the function F(x) = f(x) — B,(x) — K¥(x) vanishes for x =
X, i.e.,

F(x) = 0. (9)
Consequently, F has at least the n + 2 zeros xg, -+, x,, X in [a, b]. By Rolle’s theorem, applied
repeatedly, F’ has at least n + 1 zeros in the above interval, F'’ at least n zeros, and finally F (™1
at least one zero ¢ € (a, b).

Since P("+1) =,

F(n+1)(€) — f(n+1)(éf) —-K(n+1)!=0, (10)
or
A3 (11)
T (m+ 1D
This proves the theorem. [

Now, we review the above proof of interpolation error and try to answer the last question. For
simplicity, we think of the interval [x,, x3] such that the nodal points are x,, x;, x, and x5. Let the
function F be the same as given in the proof of interpolation error. Then,

F(xo) = F(x;) = F(x2) = F(x3) = 0. 12)
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For simplicity, we left the point x. According to the Rolle’s theorem, there exist the constants
t1,t, and t5 such that F'(t;) = F'(t,) = F'(t3) = 0 where

Xo <t; <Xy <t <x,<tz<xs.

Repeating Rolle’s theorem, there exist the constants e; and e, such that F''(e;) = F''(e;) = 0 in
which t; < e; <t, <e, < ts. Finally, one more time applying Rolle’s theorem implies that
F'""(&) = 0 for some ¢ € (e, €3).

All possible events of e, e, and ¢ are as follows:

ey
(2)
(3)
(4)
)
(6)
()
®)

e; € (Xo,%1),
e; € (Xo,%1),
e; € (Xo,%1),
e; € (Xo,%1),
e € (xg,x1),
e, € (x1,x3),
e, € (x1,x3),
e, € (x1,x3),

ez € (Xy,x3),
ez € (Xy,x3),
ez € (X2, x3),
ez € (X2, x3),
e; € (xg,x3),
e € (x1,%3),
e; € (xg,x3),
e; € (xg,x3),

§ € (x0,%1);
§ € (x1,%2);
§ € (x0,%1);
§ € (x1,%2);
§ € (x2,%3);
§ € (X, %2);
§ € (X, %2);
¢ € (x2,%3).

(13)

Now, assuming a uniform distribution, the probability of ¢ falling in each subinterval is easily
computable (see Table 1).

Table 1. The probability of ¢ falling in each subinterval of (x,, x3)

Subinterval (%9, %1) (x1,x2) | (x2,x3)

Probability 2/8 4/8 2/8

Now, we are ready to state a general formula.

Theorem 1 Let F be an enough smooth function such that

F(xo) = F(x1) = - = F(x) = 0, (14)
X < xp < o < Xy, n=3.
Assuming a uniform distribution, the probability of ¢ falling in the interval (x;_q,x;) for i =
1,2,..,nis

B 0; (15)
i_ 252/12] Ozj_1 + Zﬁ/fJ 0, ’

0zj-1 =20 -D(n—-2(-1D) +n-2j,

0,; =23 — D(n—(2j — 1)) + 2(n — 2j).
Proof. We prove the theorem by induction on n. For n = 3, we have already verified it. Now,
assume that the theorem is true for up to n points. It is readily seen that if one point is added, i

more selection are added to 0;. This implies,

01 =2(-Dn-2G-D)+n-2j+2j-1)=2(G-D(n-2G-1)
tn—-2j+@Qj-D+2(-1)+1
=2(-D((m+D-2G-1)+n+1)—2j,

0,; =2(-Dm—(@2j—1))+2(n—2j)+2j (16)
=2(-1D(n—-@j—1)+2mn—-2)+2(G —1) +2j
=2 -1D((n+1) = (@2j—1)+2((n+1) - 2)).

This completes the proof.
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Remark 1 In the proof of interpolation error, there is a point x such that F(x) = 0. Here, for
simplicity, we removed this point and so we repeat Rolle’s theorem n times instead of n + 1 times!

Although the value of ¢ depends on x, the more n increases, the less probability P; will change.
Corollary 1 The maximum probability occurs in the middle subinterval(s).
Proof. By Eq. (15), the denominator of P; is fixed and so
argmiaxPi = argmiaXOi.

Let i =2j—1and f(j):= 0,j_1 = —4j* + (2n+ 6)j — (n + 4). Taking df /dj = 0 gives j =
(n+3)/4andso2j—1=(n+1)/2.
Again, let i = 2j and f(j):= 0,; = —4j* + 2(n + 1)j — 2. Taking df/dj = 0 gives j = (n +
1)/4andso 2j = (n+1)/2.
Special case: Let n = 2m be an even number. Then, by Theorem 1,

2m — 2 3

%m(m —1)(2m +5) m(2m +5)

)

and
(m-1)(m+2)  3(m+2)

P = = :
%m(m —1)(2m +5) Zm(2m +5)

It is observed that if m tends to infinity, as we expect, the probability P; vanishes. Figure 1 shows
the probability P; for n =8 and n = 10. As is seen, the probability of event the middle
subinterval(s) occurring is more than the
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Figure 1. The probability of the events each subinterval occurring for (2) n = 8 and (b) n = 10.
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other subintervals. Moreover, for n = 8, the probability of £ € (0,8) falling in the interval (2,6) is
almost 65 percent and for n = 10, the probability of ¢ € (0,10) falling in the interval (3,7) is 54
percent.

Finally, for the preceding example, if we take

2 2
§E(-1+13X 0, ~1+ 14X )

(the middle interval of [—1,1] for 28 nodal points), then

2
2-27 1027+1e—1+14><ﬁ

(27 + D!

<107°
In other words, the error bound of E satisfies for n = 27.
3. An application

In this section, we present an application of the preceding theorem. This is related to the
presenting a modification of trapezoidal rule for estimation of a definite integral.

Let f € C?[a, b] and x,, x4, **, X, be n + 1 distinct nodal points such that
Aa=x) <X <Xy << Xp_q <Xp,=b,
and
X;—Xi_1=h, i=1,2,--,n.

The error of trapezoidal rule (T (h)) for integration is given by (Kincaid and Cheney (1990))

b
b —
f f(x)dx — T(h) = —Tahzf"(f), a<é&<b. (17)
In the proof of this error, it is shown that
£108) = ')+ f”(s‘zrz +ot f”(€n)’ (18)

where x;_; < & < x; fori = 1,---,n. The value ¢; is appeared from the interpolation error of f by
trapezoidal rule in the subinterval [x;_4, x;], i.€.,

X h Xi Cx _x h3
[ reoae-Featx= [ EERET i = - e (19)
Now, by Corollary 1, the probability of &; falling in the middle subintervals of [x;_q,x;] is
maximum. Then, taking m;: = xl%”‘ the value of £ in Eq. (18) can be approximated by
F(E) ~ f1(m) + f”(m:l) + ot f(my) (20)

A standard approximation of /' is given by

(1)

f(xi—1) — 2f(my) + f(xy)
h? ’
where h; = h/2. Substituting f"' from Eq. (21) into Eq. (17) yields:

£(m;) ~ —1,)n
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b n n (22)
h
| feodx ~ 2 + 42 fm) + zz £

+ £ (xn),

that is the same Simpson’s rule!
4. Conclusion

The error formula for polynomial interpolation of an enough smooth function f: [a, b] = R with
n + 1 distinct nodal points x; such that

a=xy<x; < <Xxp_q<XxX,=D>b,

depends on F™+1 (&), where £ € (a, b). In this work, by probability theory, we extracted a closed
formula to compute the probability of & falling in (x;, x;44), fori = 0,1,---,n — 1. We considered
a uniform distribution that means the value of per subinterval is the same. We have also presented
an application of this probability theory.
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